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( [21, [8], Chapter XIV ). Euclid Agmon-H\"ormander
$B(\mathbb{R}^{n}),$ $B(\mathbb{R}^{n})^{*}$ 1 Euclid $\mathbb{R}^{1}$ $\{\Omega_{j}\}_{j\in Z_{\geq 0}}$
$\Omega_{0}:=\{t\in \mathbb{R}^{1};|t|<1\}, \Omega_{j}:=\{t\in \mathbb{R}^{1};2^{j-1}\leq|t|<2^{j}\} (j\in \mathbb{Z}_{>0})$ .
$\chi_{\Omega_{j}}(t)$




$(B(\mathbb{R}^{n}), \Vert\cdot\Vert_{B(R^{n})})$ Banach $B(\mathbb{R}^{n})^{*}$
$(u, f) \mapsto\int_{\mathbb{R}^{n}}u(x)f(x)dx$ $L_{1\circ c}^{2}(\mathbb{R}^{n})$
2 $u\in L_{1\circ c}^{2}(\mathbb{R}^{n})$ $\Vert u\Vert_{B(\mathbb{R}^{n})}$ .
$\Vert u||_{B(R^{n})}\cdot:=\sup_{j\in Z_{\geq 0}}\{2^{-j/2}\Vert\chi_{f1_{j}}(|x|)u\Vert_{L^{2}(R^{n})}\}.$
$B(\mathbb{R}^{n})^{*}:=\{u\in L_{1oc}^{2}(\mathbb{R}^{n});\Vert u\Vert_{B(\mathbb{R}^{n})}\cdot<\infty\}$
$(B(\mathbb{R}^{n})^{*}, \Vert . \Vert_{B(R^{n})}\cdot)$ Banach Banach $B(\mathbb{R}^{n})^{*}$
$C$
$C^{-1} \Vert u\Vert_{B(R^{n})}\cdot\leq(\sup_{R>1}\frac{1}{R}\int_{|x|<R}|u(x)|^{2}dx)^{1/2}\leq C\Vert u\Vert_{B(\mathbb{R}^{n})}\cdot\cdot$
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Banach $B(\mathbb{R}^{n})^{*}$ $\simeq$
$u_{1} \simeq u_{2}:0\lim_{R\infty}\frac{1}{R}\int_{|x|<R}|u_{1}(x)-u_{2}(x)|^{2}dx=0.$
$\{x\in \mathbb{R}^{n};|x|<R\}$ $\{x\in \mathbb{R}^{n};aR<$ $<bR\}$
$(0<a<b<\infty)$ $u\simeq O$ $u$ $L^{2_{-\nearrow}}$
0
$x,$ $\xi\in \mathbb{R}^{n}$ Euclid $\langle x,$ $\xi\rangle:=\sum_{j_{=1^{Xj}}}^{n}\xi_{j}$ Euclid
Fourier
$\mathcal{F}_{\mathbb{R}^{n}}u(\xi):=(2\pi)^{-n/2}\int_{\mathbb{R}^{n}}e^{-i\langle x,\xi\rangle}u(x)dx, u\in L^{2}(\mathbb{R}^{n})$ .
$\Delta_{\mathbb{R}^{n}}=\sum_{j_{=1}}^{n}\partial^{2}/\partial x_{j}^{2}$ Euclid Laplace $H_{00}=-\Delta_{\mathbb{R}^{n}}$ $\mathcal{D}(H_{00})=H^{2}(\mathbb{R}^{n})$
$L^{2}(\mathbb{R}^{n})$
$H^{2}(\mathbb{R}^{n})$ Euclid 2
Sobolev $\mathbb{R}\pm:=\pm(0, \infty)\subset \mathbb{R}$ $n$ Euclid $\mathbb{R}^{n}$ Lebesgue $dx$
$S^{n-1}$




$\gamma_{00}f(\tau):=2^{-1/2_{\mathcal{T}}(n-2)/4}\mathcal{F}_{\mathbb{R}^{n}}f(\sqrt{\tau}\cdot) , a.e. \tau\in \mathbb{R}+\cdot$
$f\in C_{0}^{\infty}(\mathbb{R}^{n}),$ $\tau>0$
$\gamma_{00}(\tau)f(\omega):=2^{-1/2_{\mathcal{T}}(n-2)/4}\mathcal{F}_{\mathbb{R}^{n}}f(\sqrt{\tau}\omega) , \omega\in S^{n-1}$
$\gamma_{00}(\tau)$ Banach $B(\mathbb{R}^{n})$ $L^{2}(S^{n-1})$
$f\in B(\mathbb{R}^{n})$




1.1 ([2]). $\tau>0$ Banach
$\gamma_{00}(\tau)^{*}:L^{2}(S^{n-1})\simarrow\{u\in B(\mathbb{R}^{n})^{*};(-\Delta_{\mathbb{R}^{n}}-\tau)u=0\}.$












$L^{2}(\mathbb{R}^{n})\subset L^{2,-1/2}(\mathbb{R}^{n})\subset\mathring{B}(\mathbb{R}^{n})^{*}\subset B(\mathbb{R}^{n})^{*}\subset L^{2,-s}(\mathbb{R}^{n})$ .
Rellich Banach $B(\mathbb{R}^{n})^{*}$ $H_{00}=-\Delta_{R^{n}}$






$B^{n}=\{x\in \mathbb{R}^{n};|x|<1\}$ $B^{n}(n\geq 2)$ Poincar\’e
$g_{P}= \frac{4}{(1-|x|^{2})^{2}}(dx_{1}\otimes dx_{1}+\cdots+dx_{n}\otimes dx_{n})$ .
Riemam $\mathcal{H}_{\mathbb{R}}^{n}=(B^{n}, g_{P})$ Riemarm
$K_{\mathcal{H}_{R}^{n}}$ $K$ $\equiv-1$ $\mathcal{H}_{R}^{n}=(B^{n}, g_{P})$ Poincar\’e ball model
$\mathcal{H}_{R}^{n}$ Riemann $d\mu(x)$
$d \mu(x)=(\frac{2}{1-|x|^{2}})^{n}dx$
$d(x, y)$ $\mathcal{H}_{R}^{n}$ $0$ $x\in B^{n}$
$d(x, 0)= \log(\frac{1+|x|}{1-|x|})$ .
$\mathcal{H}_{R}^{n}\cross S^{n-1}$ $c\infty$ - $A(x, b)$
$A(x, b) := \log(\frac{1-|x|^{2}}{|x-b|^{2}})$ . (2.1)
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$\Delta_{\mathcal{H}_{R}^{n}}$ $\mathcal{H}_{\mathbb{R}}^{n}$ Laplace-Beltrami $\rho:=(n-1)/2$ Poisson
$e^{(i\lambda+\rho)A(x,b)}=( \frac{1-|x|^{2}}{|x-b|^{2}})^{(i\lambda+\rho)} \lambda\in \mathbb{C}$
$-\Delta_{\mathcal{H}_{R}^{n}}e^{(i\lambda+\rho)A(x,b)}=(\lambda^{2}+\rho^{2})e^{(i\lambda+\rho)A(x,b)}.$
Poisson $e^{(i\lambda+\rho)A(x,b)}$ Euclid $e^{i\langle x,\xi)}$
$f\in C_{0}^{\infty}(\mathcal{H}_{\mathbb{R}}^{n})$ Helgason Fourier $\mathcal{F}f$
$\mathcal{F}f(\lambda, b)=\int_{\mathcal{H}_{\mathbb{R}}^{n}}e^{(-i\lambda+\rho)A(x,b)}f(x)d\mu(x), (\lambda, b)\in \mathbb{R}\cross S^{n-1}.$
Helgason Fourier :
(i) (Fourier ) $f\in C_{0}^{\infty}(\mathcal{H}_{\mathbb{R}}^{n})$
$f(x)=2^{-1}c_{n}^{2} \int_{\mathbb{R}\cross S^{n-1}}e^{(i\lambda+\rho)A(x,b)}\mathcal{F}f(\lambda, b)|c(\lambda)|^{-2}d\lambda d\sigma(b)$.
$\omega_{n-1}:=vol(S^{n-1}),$ $c_{n}$ $:=(2\pi)^{-1/2}2^{\rho}\omega_{n-1}^{-1}$ . $c(\lambda)$ Harish-Chandra $c$-
( 3.1 ).
$c( \lambda)=\frac{2^{2\rho-1}\Gamma(\rho+\frac{1}{2})\Gamma(i\lambda)}{\pi^{1/2}\Gamma(i\lambda+\rho)}, \lambda\in \mathbb{C}.$
$\Gamma(z)(z\in \mathbb{C})$
(ii) (Plancherel ) $L^{2}(\mathcal{H}_{\mathbb{R}}^{n})$ $:=L^{2}(\mathcal{H}_{\mathbb{R}}^{n}, d\mu),$ $dp(\lambda, b)=c_{n}^{2}|c(\lambda)|^{-2}d\lambda d\sigma(b)$ Helgason
Fourier $\mathcal{F}$ $L^{2}(\mathcal{H}_{\mathbb{R}}^{n})$ $L_{W}^{2}(\mathbb{R}\cross S^{n-1},2^{-1}dp)$
$\mathcal{F}:L^{2}(\mathcal{H}_{\mathbb{R})arrow L_{W}^{2}(\mathbb{R}\cross S^{n-1},2^{-1}dp)}^{n\sim}.$
$\psi\in L_{W}^{2}(\mathbb{R}\cross S^{n-1},2^{-1}dp)$ $\psi\in L^{2}(\mathbb{R}\cross S^{n-1},2^{-1}dp)$
$(\lambda, x)\in \mathbb{R}\cross \mathcal{H}_{\mathbb{R}}^{n}$
$\int_{S^{n- }}e^{(-i\lambda+\rho)A(x,b)}\psi(-\lambda, b)db=\int_{S^{n-1}}e^{(i\lambda+\rho)A(x,b)}\psi(\lambda, b)db$ (2.2)
Helgason Fourier (2.2)








$(2k-2)!!:=(2k-2)\cdot(2k-4)\cdots\cdot\cdot 4\cdot 2(k\geq 2)$ . $0!!;=1$
$(t, b)\in \mathbb{R}\cross S^{n-1}$
$\xi(t, b)$
$\xi(t, b)=\{x\in \mathcal{H}_{R}^{n};A(x, b)=t\}.$
( ) Radon
$\mathcal{R}f(t, b):=e^{\rho t}\int_{x\in\xi(t,b)}f(x)d\sigma_{\xi(t,b)}(x) , (t, b)\in \mathbb{R}\cross S^{n-1}.$
$d\sigma_{\xi(t,b)}$ $\mathcal{H}_{\mathbb{R}}^{n}$ Riemann $d\mu(x)$ $\xi(t, b)$
Fourier slice
$\mathcal{F}f(\lambda, b)=\int_{\mathbb{R}}e^{-t\lambda t}\mathcal{R}f(t, b)dt$ . (2.3)





$SO$ $(n)$ $n$ $SO$ $(n)$ $\mathbb{R}^{n}$ $SO$ $(n)$ $B^{n}$ :
$S0(n)\cross B^{n}\ni(T, x)\mapsto Tx\in B^{n}.$
$\varphi_{\lambda}(Tx)=\varphi_{\lambda}(x) , x\in B^{n}, T\in SO(n)$ .
$\varphi_{\lambda}(x)$ $\mathcal{H}_{\mathbb{R}}^{n}$ $0$ $\Delta_{\mathcal{H}_{R}^{n}}u=-(\lambda^{2}+\rho^{2})u$ $u(O)=1$
$\iota$ : $\mathbb{R}+\cross S^{n-1}\ni(r, b)\mapsto\tanh(r/2)\cdot b\in B^{n}\backslash \{0\}$
Riemann Laplace-Beltrami
$d\mu(x)=(\sinh r)^{n-1}drd\sigma(b)$ ,
$\Delta_{\mathcal{H}_{R}^{n}}=\frac{\partial^{2}}{\partial r^{2}}+(n-1)\coth r\frac{\partial}{\partial r}+(\sinh r)^{-2}\Delta_{S^{n-1}}.$
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$t\in \mathbb{R}$ $x_{t}:=(\tanh(t/2), 0, \ldots, 0)\in B^{n}$ $\varphi_{\lambda}(x_{t})$
$\{\frac{d^{2}}{dt^{2}}+(n-1)\coth t\frac{d}{dt}+(\lambda^{2}+\rho^{2})\}\varphi_{\lambda}(x_{t})=0.$
$s=-\sinh^{2}(t/2)$ $f_{\lambda}(s);=\varphi_{\lambda}(x_{t})$ $f_{\lambda}(s)$ 2 Fuchs
$\{s(1-s)\frac{d^{2}}{ds}+(\frac{n}{2}-ns)\frac{d}{ds}-(\lambda^{2}+\rho^{2})\}f_{\lambda}(s)=0.$





3.1. ${\rm Re}(i\lambda)>0$ $\lambda\in \mathbb{C}$
$\lim_{tarrow\infty}e^{(-i\lambda+\rho)t}\varphi_{\lambda}(x_{t})=c(\lambda)$.
Harish-Chandra





$( \mu^{2}-2i\mu\lambda)\Gamma_{\mu}(\lambda)=2(n-1) \sum_{k\in \mathbb{Z}>0,\mu-2k\geq 0}\Gamma_{\mu-2k}(\lambda)\{(\mu+\rho-2k)-i\lambda\}, \mu\in \mathbb{Z}_{>0}.$
$\{Y,j(b);l=0,1, \ldots,j=1, \ldots, N(n, l)\}$
$S^{n-1}$ $L^{2}(S^{n-1})$ $\lambda\in \mathbb{C}$
$f_{\lambda,l,j}(x)$
$f_{\lambda,l,j}(x);= \int_{S^{n-1}}e^{(i\lambda+\rho)A(x,b)}Y_{j}(b)d\sigma(b)$ .
3.2 ([3]). $\lambda\in \mathbb{C}\backslash i(\mathbb{Z}\geq 0+\rho)$ $f(x)$ $\Delta_{\mathcal{H}_{R}^{n}}f=-(\lambda^{2}+\rho^{2})f(x)$
$S^{n-1}$ $T\in \mathcal{A}’(S^{n-1})$
$f(x)= \int_{S^{n-1}}e^{(i\lambda+\rho)A(x,b)}dT(b)$
$f(x)= \sum_{l=0}^{\infty}\sum_{j=1}^{N(n,l)}h_{l,j}\cdot f_{\lambda,l,j}(x)$ $in$ $\mathcal{E}(\mathcal{H}_{\mathbb{R}}^{n})$ .
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$h_{l,j}= \int_{S^{n-1}}\overline{Y_{j}(b)}dT(b)$ .
$\lambda\in \mathbb{R}\backslash \{0\},$ $T\in L^{2}(S^{n-1})$
4 Laplace-Beltrami
Laplace-Beltrami
( [1], [7], [10], [12] ).









$W^{2,2}(\mathcal{H}_{\mathbb{R}}^{n})$ Hilbert $L^{2}(\mathcal{H}_{R}^{n})$ $\sigma(H_{0})=$




$\int_{\mathcal{H}_{R}^{n}}f(x)d\mu(x)=\int_{R_{+}xS^{n-1}}(f\circ\iota)(r, b)(\mathcal{J}\circ\iota)(r, b)r^{n-1}drd\sigma(b)$ .
$\mathbb{R}+\cross S^{n-1}$ Plancherel
$\int_{\mathbb{R}_{+}\cross S^{n-1}}\varphi(\lambda, b)|c(\lambda)|^{-2}d\lambda d\sigma(b)=\int_{\mathbb{R}+xS^{n-1}}\varphi(\lambda, b)\mathcal{J}_{*}(\lambda)\lambda^{n-1}d\lambda d\sigma(b)$.
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$\mathcal{J}_{*}(\lambda)$ $:=|c(\lambda)|^{-2}\lambda^{-(n-1)}$ . $H_{0}$
$\mathcal{F}_{0}^{(\pm)}:L^{2}(\mathcal{H}_{\mathbb{R}}^{n})arrow^{\sim}L^{2}(\mathbb{R}_{+};L^{2}(S^{n-1}), d\tau)$
Helgason Fourier
$(\mathcal{F}_{0}^{(\pm)}f)(\tau):=c_{n}2^{-1/2_{\mathcal{T}}(n-2)/4}\mathcal{J}_{\star}^{1/2}(\sqrt{\tau})\mathcal{F}f(\pm\sqrt{\tau}, \cdot) , a.e. \tau\in \mathbb{R}+\cdot$
$f\in C_{0}^{\infty}(\mathcal{H}_{\mathbb{R}}^{n}),$ $\tau>0$
$\mathcal{F}_{0}^{(\pm)}(\tau)f(b):=c_{n}2^{-1/2_{\mathcal{T}}(n-2)/4}\mathcal{J}_{*}^{1/2}(\sqrt{\tau})\mathcal{F}f(\pm\sqrt{\tau}, b)$ in $L^{2}(S^{n-1})$




$( \int_{S^{n-1}}\Vert J\mathcal{R}f(\cdot, b)\Vert_{B(\mathbb{R}^{1})}^{2}d\sigma(b))^{2}\leq C\Vert f\Vert_{B(\mathcal{H}_{It}^{n})}.$
4. 1 Fourier slice (2.3)
4.2. $\tau>0$ $\mathcal{F}_{0}^{(\pm)}(\tau)$ Banach $B(\mathcal{H}_{\mathbb{R}}^{n})$ $L^{2}(S^{n-1})$





$\hat{S}_{\mathcal{H}_{\mathbb{R}}^{n}}$ Hilbert $L^{2}(\mathbb{R}_{+};L^{2}(S^{n-1}), d\tau)$
Helgason Fourier
$\int_{S^{n-1}}e^{(-i\lambda+\rho)A(x,b)}\psi(-\lambda, b)db=\int_{S^{n-1}}e^{(i\lambda+\rho)A(x,b)}\psi(\lambda, b)db$
4.3. $\tau>0$ $L^{2}(S^{n-1})$ $\hat{S}_{\mathcal{H}_{R}^{n}}(\tau)$
$\hat{S}_{\mathcal{H}_{R}^{n}}(\tau)[e^{(i\sqrt{\tau}+\rho)(A(x_{0},b))}]=e^{(-i\sqrt{\tau}+\rho)(A(x_{0},b))}, x_{0}\in \mathcal{H}_{\mathbb{R}}^{n}.$
$\hat{f}\in L^{2}(\mathbb{R}_{+};L^{2}(S^{n-1}), d\tau)$
$(\hat{s}_{\mathcal{H}_{R}^{n}}f)(\tau)=\hat{S}_{\mathcal{H}_{R}^{n}}(\tau)f(\tau) , a.e. \tau>0.$
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Helmholtz
$(-\Delta_{\mathcal{H}_{R}^{n}}-\rho^{2}-\tau)u=0, \tau>0$ , (4.1)
$\varphi\in L^{2}(S^{n-1})$ ( ) Poisson $\mathcal{F}_{0}^{(\pm)}(\tau)^{*}\varphi\in$
$B(\mathcal{H}_{R}^{n})$
$\mathcal{F}_{0}^{(\pm)}(\tau)^{*}\varphi(x)*\int_{S^{n-1}}e^{(\pm i\sqrt{\tau}+\rho)A(x,b)}\varphi(b)d\sigma(b)$ .






$e^{i\xi(\lambda)}:=\overline{c(\lambda)}/|c(\lambda)|$ . $\varphi\in L^{2}(S^{n-1})$ $\mathcal{F}_{0}^{(+)}(\tau)^{*}\varphi$
$\hat{S}_{\mathcal{H}_{R}^{n}}(\tau)$
4.4. $x\in B^{n}\backslash \{0\}$ $(r,\hat{x})\in \mathbb{R}+\cross S^{n-1}$ $x=\tanh(r/2)\hat{x}$ (







4.5. $\tau>0,$ $\varphi\in L^{2}(S^{n-1})$
$\lim_{Rarrow\infty}\frac{1}{R}\int_{d(x,0)<R}|\mathcal{F}_{0}^{(\pm)}(\tau)^{*}\varphi(x)|^{2}d\mu(x)=(2\pi)^{-1}\tau^{-1/2}\Vert\varphi\Vert_{L^{2}(S^{n-1})}^{2}.$





$z\in \mathbb{C}\backslash [0, \infty)$ $R_{0}(z)$ $:=(H_{0}-z)^{-1}$
Plancherel Fourier slice (2.3)
$(R_{0}(z)f_{1}, f_{2})_{L^{2}(X)}$
$= \pi c_{n}^{2}\int_{S^{n-1}}((-\Delta_{\mathbb{R}^{1}}-z)^{-1}J\mathcal{R}f_{1}(\cdot, b), J\mathcal{R}f_{2}(\cdot, b))_{L^{2}(\mathbb{R}^{1})}d\sigma(b)$.
( ) Radon ( 4. 1) 1 Euclid $(-\Delta_{\mathbb{R}^{1}}-z)^{-1}$
4.7. $\mathbb{C}\pm:=\{Z\in \mathbb{C};\pm{\rm Im} z\geq 0\}$ $f\in B(\mathcal{H}_{\mathbb{R}}^{n})$ $R_{0}(Z)f$ $\mathbb{C}^{\pm}\backslash \{0\}$
$B$ ( $\mathcal{H}\mathbb{R}$n) $*$ - $\mathcal{T}>0$
$R_{0}( \tau\pm iO)f:=w^{*}-\lim_{\epsilon\downarrow 0}R_{0}(\tau\pm i\epsilon)f$
$in$ $B(\mathcal{H}_{\mathbb{R}}^{n})^{*}$
$\mathcal{K}\subset \mathbb{C}^{\pm}\backslash \{0\}$ $C_{\mathcal{K}}$
$\Vert R_{0}(z)f\Vert_{B(\mathcal{H}_{\mathbb{R}}^{n})}. \leq c_{\kappa\Vert f\Vert_{B(\mathcal{H}_{R}^{n})}}, z\in \mathcal{K}, f\in B(\mathcal{H}_{\mathbb{R}}^{n})^{*}$
$R_{0}(\tau\pm iO)$
4.8. $\tau>0,$ $f\in B(\mathcal{H}_{\mathbb{R}}^{n})$
$R_{0}(\tau\pm iO)f(x)$
$\simeq\pm i\sqrt{\pi}\tau^{-1/4}\mathcal{J}^{-1/2}(x)r^{-(n-1)/2}e^{\pm i\sqrt{\tau}r}e^{\mp i\xi(\sqrt{\tau})}\mathcal{F}_{0}^{(\pm)}(\tau)f(\hat{x})$ .
4.9. $\tau>0,$ $f\in B(\mathcal{H}_{\mathbb{R}}^{n})$
$\lim_{Rarrow\infty}\frac{1}{R}\int_{d(x,0)<R}|R_{0}(\tau\pm i0)f(x)|^{2}d\mu(x)=\pi\tau^{-1/2}\Vert \mathcal{F}_{0}^{(\pm)}(\tau)f\Vert_{L^{2}(S^{\mathfrak{n}-1})}^{2}.$
Helmholtz
$(-\Delta_{\mathcal{H}_{\mathbb{R}}^{n}}-\rho^{2}-\tau)u=f, f\in B(\mathcal{H}_{\mathbb{R}}^{n}), \tau>0$ , (4.2)
$f\in B(\mathcal{H}_{\mathbb{R}}^{n})$ Banach $B(\mathcal{H}_{\mathbb{R}}^{n})^{*}$ $u\pm$
$u\pm=R_{0}(\tau\pm iO)f+\mathcal{F}_{0}^{(\mp)}(\tau)^{*}\varphi\mp, \varphi\mp\in L^{2}(S^{n-1})$ .
4.4 4.8 Helmholtz (4.2) $B(\mathcal{H}_{\mathbb{R}}^{n})^{*}l_{\llcorner}^{arrow}$
Helmholtz $u$ (resp. )
$u=R_{0}(\tau+iO)f$ $($resp. $u=R_{0}(\tau-iO)f)$
$(\partial_{r}\mp i\sqrt{\tau}+\rho)R_{0}(\tau\pm iO)\simeq 0$ . (4.3)
$\partial$
$\mathcal{H}_{\mathbb{R}}^{n}\backslash \{0\}$ :
$\partial_{r} :=grad_{\mathcal{H}_{\mathbb{R}}^{n}}(d(x, 0))$ .
(4.3) ( ) Helmholtz
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4.10 ( ). $\tau>0,$ $f\in B(\mathcal{H}_{R}^{n})$ $u\in B(\mathcal{H}_{\mathbb{R}}^{n})^{*}$ Helmholtz
$(-\Delta_{\mathcal{H}_{R}^{n}}-\rho^{2}-\tau)u=f$
(i) $u=R_{0}(\tau+i0)f$ $($ resp. $u=R_{0}(\tau-iO)f)$ .




Euclid $\hat{S}_{R^{n}}(\tau)$ $\tau$ $S\hat {}R$







$L^{2}(S^{n-1})$ $\hat{S}_{o}$ $\hat{S}_{o}\varphi(b)$ $:=\varphi(-b)$
$(\tauarrow\infty)$ $(\tau\downarrow 0)$ :
$s$- $\lim_{\tauarrow\infty}\hat{S}_{\mathcal{H}_{R}^{ }}(\tau)=\hat{S}_{\circ}$ $in$ $L^{2}(S^{n-1})$ ,
$s-\lim_{\tau\downarrow 0}\hat{S}_{\mathcal{H}_{R}^{n}}(\tau)=Id_{S^{n-1}}$
$in$ $L^{2}(S^{n-1})$ .
4.4 ( ) Poisson




$C^{-1}r^{n} \leq\int_{0<\lambda<r}|c(\lambda)|^{-2}d\lambda\leq Cr^{n}, r>1,$
$C^{-1}r^{3} \leq\int_{0<\lambda<r}|c(\lambda)|^{-2}d\lambda\leq Cr^{3}, 0<r<1.$














$\mathcal{H}_{\mathbb{R}}^{n}$ $\mathbb{R}^{n+1}$ $Q_{n,1}(\cdot, \cdot)$
$Q_{n,1}(v, w):=v_{1}w_{1}+\cdots+v_{n}w_{n}-v_{n+1}w_{n+1}, v, w\in \mathbb{R}^{n+1}.$
Lie $O(n, 1),$ $O_{+}(n, 1),$ $SO(n, 1),$ $SO_{o}(n, 1)$
$O(n, 1)=\{g=(g_{ij})\in GL(n+1, \mathbb{R})$ ;
$Q_{n,1}(gv,gw)=Q_{n,1}(v, w), v, w\in \mathbb{R}^{n+1}\},$
$o_{+}(n, 1)=\{g=(g_{ij})\in O(n, 1);g_{n+1,n+1}>0\},$
$SO (n, 1)=\{g=(g_{ij})\in O(n, 1);\det g=1\},$
$SO_{o}(n, 1)=\{g=(g_{ij})\in SO(n, 1);g_{n+1,n+1}>0\}.$
Lie $O_{+}(n, 1)$ $B^{n}$
$o_{+}(n, 1)\cross B^{n}\ni(g, x)\mapsto g\cdot x\in B^{n}$
$(g \cdot x)_{j}:=\frac{g_{j,n+1}(1+|x|^{2})+\sum_{k--1}^{n}2g_{jk^{X}k}}{(1-|x|^{2})+g_{n+1,n+1}(1+|x|^{2})+\sum_{k=1}^{n}2g_{n+1,k^{X}k}}, j=1, \ldots n\rangle.$
Isom $(\mathcal{H}_{\mathbb{R}}^{n})$ $\mathcal{H}_{\mathbb{R}}^{n}$ Isom$(\mathcal{H}_{\mathbb{R}}^{n})\simeq O_{+}(n, 1)$
$Isom_{o}(\mathcal{H}_{\mathbb{R}}^{n})$ $Isom_{o}(\mathcal{H}_{\mathbb{R}}^{n})\simeq SO_{o}(n, 1)$ $G:=SO_{o}(n, 1)$
$K$ $G$ $0$ :
$K=\{k\in G;k\cdot 0=0\}.$
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$K=(\begin{array}{ll}SO(n) 00 1\end{array}), k\cdot x=Tx, k=(\begin{array}{ll}T 00 1\end{array})\in K.$
$G/K$ $C^{\infty}$ - $C^{\infty}$ - :
$G/K\ni gK\mapsto^{\sim}g\cdot 0\in B^{n}.$
$X$ $G=Isom_{o}(X)$ $G$ Lie $K$
$0\in X$ $c\infty$ - $X\simeq G/K$
(i) ( 1 ) 1 4
:
$\mathcal{H}_{\mathbb{R}}^{d}=SO_{o}(d, 1)/SO(d) , \dim \mathcal{H}_{R}^{d}=d,$
$\mathcal{H}_{\mathbb{C}}^{d}=SU(d, 1)/S(U_{d}\cross U_{1}) , \dim \mathcal{H}_{\mathbb{C}}^{d}=2d,$
$\mathcal{H}_{w}^{d}=Sp(d, 1)/Sp(d)\cross Sp(1) , \dim \mathcal{H}_{\mathbb{H}}^{d}=4d,$
$\mathcal{H}_{\mathbb{O}}^{2}=F_{4(-20)}/Spin(9) , \dim \mathcal{H}_{\mathbb{O}}^{2}=8\cdot 2=16.$
(ii) ( Hermite ) Hermite
“ ” 6 :4 $I_{m,m’},$ $II_{m},$ $III_{m},$ $IV_{m}$ 2
V, VI.
(iii) ( ) $X=K_{\mathbb{C}}/K$ , $K$ Lie $K_{\mathbb{C}}$ Lie $K$
$( SL(n, \mathbb{C})/SU(n),$ $SO(n, \mathbb{C})/SO(n),$ $Sp(n, \mathbb{C})/Sp(n)$ $)$ .
Helgason Fourier Radon
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